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Abstract
An r -Spin Riemann surface is a Riemann surface equipped with a choice of r th root of the (co)tangent
bundle. We give a careful construction of the moduli space (orbifold) of r -Spin Riemann surfaces, and
explain how to establish a Madsen–Weiss theorem for it. This allows us to prove the “Mumford conjecture”
for these moduli spaces, but more interestingly allows us to compute their algebraic Picard groups (for
g ≥ 10, or g ≥ 9 in the 2-Spin case). We give a complete description of these Picard groups, in terms of
explicitly constructed line bundles.
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1. Introduction
Let Mg be the moduli space of Riemann surfaces of genus g. This is the complex orbifold
obtained from Teichmu¨ller space Tg as the quotient by the action of the mapping class group
Γg := π0(Diff+(Σg)), the group of isotopy classes of diffeomorphisms of a standard smooth
closed surface of genus g. As Teichmu¨ller space is contractible, the orbifold fundamental group
of Mg is Γg . We wish to make a similar definition of the moduli space of r -Spin Riemann
surfaces of genus g, but we must be careful as there are competing definitions. We will give
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two, and discuss which is more correct in Section 1.1. Throughout the paper, we consider only
surfaces of genus at least two.
Fix a smooth surface Σ , and let Spinr (Σ ) denote the groupoid of r-Spin structures on Σ .
More precisely, its objects are pairs ζ = (L → Σ , ϕ : TΣ ∼= L⊗r ) of a complex line bundle
L on Σ and an isomorphism of vector bundles from the tangent bundle of Σ to the r th complex
power of L . The morphisms of this groupoid from (L , ϕ) to (L ′, ϕ′) are given by isomorphisms
ψ : L ∼= L ′ of complex line bundles such that ψ⊗r ◦ ϕ = ϕ′. Given a diffeomorphism
f : Σ → Σ ′, we define
f ∗(L ′, ϕ′) = ( f ∗L ′, TΣ D f−−→ f ∗TΣ ′ f
∗ϕ′−−→ f ∗(L⊗r ) ∼= ( f ∗L)⊗r ).
This provides an action of the group of diffeomorphisms of Σ on the set of r -Spin structures.
The following lemma was proved in [37, Theorem 2.9], and describes the components of the
groupoid Spinr (Σ ) modulo the action of the mapping class group.
Lemma 1.1. Suppose that g ≥ 2. The set π0Spinr (Σg) of isomorphism classes of r-Spin struct-
ures on Σg is non-empty if and only if r divides χ(Σg) = 2−2g, in which case it consists of r2g
elements. If r is odd, π0Spinr (Σg)/Γg consists of a single element. If r is even, π0Spinr (Σg)/Γg
consists of two elements, and the map
π0Spinr (Σg)/Γg → π0Spin2(Σg)/Γg
is a bijection. The two elements of π0Spin2(Σg)/Γg are distinguished by the Arf invariant of a
quadratic form describing the Spin structure.
If r = 2, we only require g ≥ 1 for all the above to hold.
The remaining structure of the groupoid is described by the following lemma.
Lemma 1.2. Every element of Spinr (Σ ) has automorphism group Z/r .
We may now give our first definition. We can choose an r -Spin structure ζ on Σg , and let
G1/rg (ζ ) be the subgroup of Γg that preserves ζ up to isomorphism, that is, those diffeomorphisms
f such that f ∗(ζ ) ∼= ζ . Equivalently it is the stabiliser of ζ for the action of Γg on π0Spinr (Σg).
We defineM1/rg (ζ ) := Tg/G1/rg (ζ ),
where the quotient is taken in the orbifold sense. As the set π0Spinr (Σg) is finite, G
1/r
g (ζ ) is a
finite index subgroup of the mapping class group, and hence
M1/rg (ζ ) −→ Mg
is a finite covering map. Readers who are unenthusiastic about orbifolds may instead take the
homotopy quotient, that is, the Borel construction EG1/rg (ζ )×G1/rg (ζ ) Tg , or the stack quotient.
For our second definition, we employ another group Γ 1/rg (ζ ) which is slightly more difficult
to describe: to do so, we will first define a topological group Diff(Σg, ζ ). As a set it consists of
pairs ( f ∈ Diff+(Σg), ρ : f ∗ζ ∼= ζ ), and is equipped with the group law defined by the formula
( f, ρ) · (g, σ ) = ( f ◦ g, ( f ◦ g)∗ζ ∼= f ∗g∗ζ
f ∗σ∼= f ∗ζ
ρ∼= ζ ).
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The evident homomorphism Diff(Σg, ζ ) → Diff+(Σg) has image those path components
contained in G1/rg (ζ ), and has kernel Z/r . We topologise Diff(Σg, ζ ) as a covering group of
its image, and define
Γ 1/rg (ζ ) := π0(Diff(Σg, ζ )),
which is isomorphic to the quotient of Diff(Σg, ζ ) by the normal subgroup Diff0(Σg, ζ ) given by
the path component of the identity. By a theorem of Earle and Eells [10], the group Diff+0 (Σg) is
contractible for g > 1, and so has no non-trivial connected covering groups. Thus Diff0(Σg, ζ ) ∼=
Diff+0 (Σg), and hence the action of Diff(Σg, ζ ) on the space M(Σg) of complex structures on Σg
descends to an action of Γ 1/rg (ζ ) on Teichmu¨ller space Tg = M(Σg)/Diff0(Σg, ζ ), and we may
define the orbifold
M1/rg (ζ ) := Tg/Γ 1/rg (ζ ).
By definition, the group Γ 1/rg (ζ ) fits into the central extension
0 −→ Z/r −→ Γ 1/rg (ζ ) −→ G1/rg (ζ ) −→ 0 (1.1)
and so acts through G1/rg (ζ ), and hence Γg , on Teichmu¨ller space. In particular, both groups
act by biholomorphisms (as Γg does), and so M1/rg (ζ ) and M1/rg (ζ ) are complex orbifolds. The
natural map
M1/rg (ζ ) −→ M1/rg (ζ ) (1.2)
has the structure of a Z/r -gerbe, which follows from the extension (1.1). Furthermore, as Tg is
contractible these are both orbifold Eilenberg–MacLane spaces, and so all statements about their
homology apply equally well to the group homology of the groups G1/rg (ζ ) and Γ
1/r
g (ζ ).
If the r -Spin structures ζ and ζ ′ are identified under the action of Γg , then the groups G1/rg (ζ )
and G1/rg (ζ ′) are conjugate in Γg and so the corresponding r -Spin moduli spaces — of both types
— are homeomorphic. By Lemma 1.1, when r is odd there is, up to homeomorphism, a single
moduli space of each type, which we write as M1/rg and M1/rg . When r is even there are two of
each type, which we write as M1/rg [ϵ] and M1/rg [ϵ] for ϵ = 0 or 1. In this case, we write M1/rg
and M1/rg for the disjoint union of the two path components.
As our results are of interest in algebraic geometry, but the method of proof is primarily via
homotopy theory, we have endeavoured to give as detailed results as we can in the introduction to
hopefully allow geometers to make use of them. This accounts for the length of this introduction.
1.1. Modular interpretation of M1/rg and M1/rg
The (orbi)bundle π : C1/rg → M1/rg is equipped with a holomorphic line bundle L → C1/rg
and an isomorphism L⊗r ∼= ωπ , and so is a family of r -Spin Riemann surfaces over M1/rg .
Furthermore, it is universal with this property. This may be seen as follows: an r -Spin structure
ζ gives a line bundle L on the family of Riemann surfaces π : Cg → Tg and an isomorphism
ϕ : Tv ∼= L⊗r . The line bundle Tv → Cg is fibrewise holomorphic and so L → Cg is too. The
element ( f, ρ) ∈ Γ 1/rg (ζ ) acts on Tg and Cg , and gives an isomorphism ρ : f ∗L ∼= L such that
ρ⊗r commutes with ϕ, and hence it descends to the orbifold quotient.
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The orbifold M1/rg has a different modular interpretation. The (orbi)bundle π : Cg → Mg has
a fibrewise Picard variety Pic(Cg)→ Mg , which has a canonical section given by the canonical
divisor ωπ . The universal property of the family C1/rg → M1/rg is that in addition it has another
section ℓ such that rℓ = ωπ . Thus each fibre admits the structure of an r -Spin Riemann surface,
but there is no line bundle L → C1/rg whose r th power is isomorphic to the (co)tangent bundle
on each fibre. The obstruction to a section of the fibrewise Picard variety of a family π : E → B
of Riemann surfaces extending to a line bundle on the total space has been studied by Ebert and
the author [11]: there is a unique obstruction in H3(B;Z). In the case of M1/rg it is the class
given by β(c), the Bockstein to integral cohomology of the class c ∈ H2(M1/rg ;Z/r) classifying
the extension (1.1), or equivalently classifying the gerbe (1.2).
Considering these two different modular interpretations, we take the view that M1/rg is the
correct notion of a moduli space of r -Spin Riemann surfaces, and M1/rg is not; we call the latter
the moduli space of r-theta-characteristics, as M1/2g classifies families of Riemann surfaces with
a theta-characteristic on each fibre.
1.2. “Mumford conjecture” for moduli spaces of r-Spin Riemann surfaces
From now on we denote by M1/rg [ϵ] either the whole of M1/rg if r is odd, or the component of
Arf invariant ϵ if r is even. By writing M1/rg [ϵ] we always imply that the space is non-empty, i.e.
r | χ(Σg). Whenever we write the cohomology of an orbifold, we always mean cohomology in
the orbifold sense, not that of the coarse moduli space; of course if we take rational coefficients
these coincide.
The Mumford–Morita–Miller classes κi ∈ H2i (Mg;Z) may be defined as the pushforward
κi := π!(c1(Tv)i+1),
where π : Cg → Mg is the universal family over Mg , and Tv is the vertical tangent bundle
(which is a complex line bundle). We will adopt the convention of always denoting families
of Riemann surfaces by π and their vertical tangent bundles by Tv , without further note. The
Mumford conjecture, proved by Madsen and Weiss [28], states that the homomorphism
Q[κ1, κ2, κ3, . . .] −→ H∗(Mg;Q)
is an isomorphism in a certain range of degrees, which increases with g. Our first result is the
analogue of this theorem for moduli spaces of r -Spin Riemann surfaces: the classes κi may be
pulled back to M1/rg and we have the following theorem.
Theorem 1.3. The map
Q[κ1, κ2, κ3, . . .] −→ H∗(M1/rg [ϵ];Q)
is an isomorphism in degrees 6∗ ≤ 2g − 8 (or 5∗ ≤ 2g − 7 for r = 2). In fact, the map
M1/rg [ϵ] → Mg induces a homology isomorphism with Z[1/r ]-coefficients in these ranges of
degrees. Both statements are also true for M1/rg [ϵ], as this is Z[1/r ]-homology equivalent to
M1/rg [ϵ] by the extension (1.1).
When r = 2 this result appears in [15] where Galatius in fact computes the Fp-homology of
M1/2g [ϵ] in the stable range. That the rational cohomology has rank 1 in degree 2 in this case also
follows from [35].
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1.3. Picard groups
A fundamental invariant of a moduli problem M is its Picard group: the group of naturally
associated line bundles to families in M. By considering topological, holomorphic or algebraic
line bundles we can ask for the topological, holomorphic or algebraic Picard groups of a moduli
problem, supposing in the last two cases that M has a holomorphic or algebraic structure.
For the moduli space of genus g Riemann surfaces Mg the calculation of its algebraic Picard
group is due to several authors. Mumford [30] identified the algebraic Picard group Picalg(Mg)
with H2(Γg;Z) and Harer [19] computed this group to be infinite cyclic in the stable range (now
known to be g ≥ 3). Finally, work of Arbarello–Cornalba [1] shows that the so-called Hodge
class λ, to which we shall return below, generates this group.
The main result of this paper is a computation of the algebraic Picard group of M1/rg and a
determination of a presentation for it, analogous to that for Mg . The strategy will also be similar:
we will make detailed calculations of the low-dimensional integral cohomology of M1/rg , and
then relate the cohomology and Picard groups by constructing enough examples of algebraic line
bundles.
1.4. Relation to previous work
Moduli spaces of r -Spin Riemann surfaces have received much interest recently, due to the
central role they play in a conjecture of Witten [40] concerning intersection numbers on certain
compactifications M
1/r
g . This conjecture is an r -Spin analogue of his celebrated conjecture,
proved by Kontsevich [26], concerning intersection numbers on the Deligne–Mumford
compactification Mg of the moduli space of Riemann surfaces. It has recently been proved by
Faber, Shadrin and Zvonkine [12], building on the work of Jarvis, Kimura, Vaintrob, Givental,
Lee and others.
Most foundational work on the moduli spaces M1/rg has taken place in the setting of algebraic
geometry, as opposed to the complex geometry description we have given, and concerns the
analogous spaces (more honestly, stacks)S1/rg classifying families of algebraic curves equipped
with r -Spin structures. The main technical tool in this setting is the construction of certain
compactifications S
1/r
g covering the Deligne–Mumford compactification Mg of the moduli
space of curves. These compactifications were constructed by Cornalba for r = 2 [8] and by
Jarvis for r ≥ 2 [22].
Cornalba [8,9] used his compactification to study the Picard groups of S
1/2
g and S
1/2
g ,
and discovered that, for g > 2, Pic(S1/2g ) contains an element of order 4. This is somewhat
surprising, as Pic(Mg) is torsion-free. Similarly, Jarvis used his compactification to study the
Picard groups ofS
1/r
g andS
1/r
g , and discovered that Pic(S
1/r
g ) contains 4-torsion whenever r is
even, and contains 3-torsion whenever r is divisible by 3. (We show that when r is divisible by 4
there is in fact 8-torsion in Pic(S1/rg ), and that this description of the torsion is complete.)
In fact, both Cornalba and Jarvis produce explicit line bundles on S1/rg , and describe explicit
torsion elements. Based on this, Cornalba had conjectured a presentation of Pic(S1/2g ) in terms
of explicit line bundles. We find complete descriptions of Pic(S1/rg ) for all r , and in Section 1.9
we show that Cornalba’s conjecture is false. To do so we use in an important way Farkas’ recent
computation [13] of the class of the theta-null divisor on S1/2g [0], and the existence of a new
line bundle we construct on S1/2g [1] which does not seem to have been considered in algebraic
geometry before.
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Algebraic geometry has very powerful tools for constructing line bundles on moduli spaces,
and for calculating their topological invariants. However, it is very difficult to know if one has
constructed all line bundles. Part of our motivation is to demonstrate how the recent methods
developed in the homotopy theory of moduli spaces, by Tillmann, Madsen, Weiss, Galatius,
and the author, can be used to give upper bounds on the Picard group of a moduli space. With
some luck, this upper bound coincides with the lower bound coming from algebro-geometric
constructions, and one is able to give a complete calculation.
On the topological side, Harer has studied the homological stability and stable low-
dimensional homology of certain 2-Spin moduli spaces, which correspond to our M1/2g [ϵ]. More
precisely, in [20] he studies the group homology of G1/2g (ζ ) and an analogous group G
1/2
g,1(ζ )
of diffeomorphisms of a surface with a single boundary, which are required to fix the boundary
pointwise and which preserve an isomorphism class of 2-Spin structure. He shows that the natural
map G1/2g,1(ζ ) → G1/2g+1,1(ζ ) which glues on a 2-Spin torus induces a homology isomorphism in
a range of degrees tending to infinity with g. His claim that the map G1/2g,1(ζ )→ G1/2g (ζ ), which
glues on a disc, is a homology isomorphism in a range of degrees tending to infinity with g
is false. The class of the extension (1.1) in H2(G1/2g (ζ );Z/2) is non-trivial, but can easily be
seen to be trivial when restricted to H2(G1/2g,1(ζ );Z/2); we explain this in detail in Remark 5.5.
Unfortunately, this invalidates some of the methods of computation in [21], as results for surfaces
with boundary cannot be deduced for closed surfaces. However, the results of the homology
calculations in [21] agree with ours.
The spaces M1/rg give a natural collection of finite covers of moduli spaces of Riemann
surfaces. Putman has recently studied [35] another sequence of finite covers, the moduli spaces of
Riemann surfaces with a level L structure Mg[L], and calculated their Picard groups when g ≥ 5
and when 4 does not divide L . We will show that the divisibility of r by 4 plays an important role
in determining the order of the 2-torsion in the Picard group of M1/rg , and because of the finite
cover Mg[r ] → M1/rg it would be interesting to know if the difficulties in Putman’s proof when
4 | r are related to our discovery of 8-torsion in the Picard group in this case.
1.5. Low-dimensional homology
We first turn our attention to the low-dimensional integral (co)homology of M1/rg , which is
the same as the integral (co)homology of the groups Γ 1/rg (ζ ).
Theorem 1.4 (Low-Dimensional Homology). Let g ≥ 7, or g ≥ 6 if r = 2. Then the first
integral homology of M1/rg [ϵ] is given by
H1(M
1/r
g [ϵ];Z) ∼=
Z/4 r ≡ 2 mod 4Z/8 r ≡ 0 mod 40 else ⊕

Z/3 r ≡ 0 mod 3
0 else
.
Let g ≥ 10, or g ≥ 9 if r = 2. Then the second rational homology of M1/rg [ϵ] has rank one.
Thus,
H2(M1/rg [ϵ];Z) ∼= Z⊕
Z/4 r ≡ 2 mod 4Z/8 r ≡ 0 mod 40 else ⊕

Z/3 r ≡ 0 mod 3
0 else
.
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From now on we shall always suppose that g is large enough to be in the stable range, so
g ≥ 10, or g ≥ 9 if r = 2.
Remark 1.5. Although we do not require it for the proof of this theorem, the fact that the first
integral homology is torsion can be deduced from results in the literature. By a theorem of
Sipe [38, Theorem A] the group G1/rg (ζ ) contains all Dehn twists around separating curves
(as these act trivially on the homology of the sphere bundle of Σg) and so contains the so-
called Johnson kernel Kg . By a result of Boggi [6, Corollary 3.11] or more recently Putman
[33, Corollary C] any finite-index subgroup of the mapping class group containingKg has torsion
abelianisation.
1.6. Identification of classes in H2(M1/rg [ϵ];Z)
The description of the second cohomology of M1/rg [ϵ] in Theorem 1.4, while interesting in
itself, is of limited use if we do not have firm control on individual elements in this group, and
so we now turn to describing elements of this group.
The group H2(Mg;Z) is free of rank one (for g ≥ 3), and contains the two natural classes
κ1 := π!(c1(Tv)2) λ := c1(πK! (T ∗v ))
where the symbol πK! in the definition of the Hodge class λ is the complex K -theory
pushforward. These are related by the equation κ1 = 12λ by a Chern character computation,
and λ generates H2(Mg;Z) by the theorem of Arbarello–Cornalba [1].
The universal family π : C1/rg → M1/rg has a vertical tangent bundle Tv , and also another
complex line bundle L , equipped with an isomorphism L⊗r ∼= Tv . Thus we may define classes
κ
a/r
1 := π!(c1(L⊗a)2) λ−a/r := c1(πK! (L⊗a)). (1.3)
These satisfy κr/r1 = κ1 and λr/r = λ. Furthermore, if r | r ′ then the natural map [r ′/r ] :
M1/r
′
g → M1/rg pulls back κa/r1 to κ(a(r
′/r))/r ′
1 , and similarly for the λ
−a/r , so there is no
ambiguity in writing the superscripts as rational numbers.
When r is even there is a further class we may define. In this case, an r -Spin structure has an
underlying 2-Spin structure, and so the map C1/rg → M1/rg is oriented in real K -theory [3] and
so has a pushforward in this theory. Thus we may define a class
ξ := πK O! (1) ∈ K O−2(M1/rg ),
that is, a map ξ : M1/rg → O/U . By looking at path components we obtain a function
π0(M
1/r
g ) → Z/2 first considered by Atiyah [2], and Johnson [24] has shown that it coincides
with the Arf invariant. More globally ξ is represented by a (virtual dimension zero) complex
vector bundle with a trivialisation of the underlying real bundle, and such bundles have canonical
choices of half the first Chern class so we may define the element c12 (ξ) in the integral
cohomology of M1/rg . The Spin structure on Tv used to form the pushforward is L−⊗
r
2 , so the
underlying complex vector bundle of ξ is πK! (L
−⊗ r2 ) (c.f. [27, Eq. (D.16)]) and so c1(ξ) = λ1/2.
Using this we define
µ := c1
2
(ξ),
which has the property 2µ = λ1/2.
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Our first result concerns the divisibility of these classes in the torsion-free quotient of
H2(M1/rg [ϵ];Z), which by Theorem 1.4 is a free abelian group of rank one. In the following,
we fix a generator g of the torsion-free quotient so that the Hodge class λ is a positive multiple
of g. We say a class x is divisible by precisely D when x = Dg.
Theorem 1.6. The group H2(Mg;Z) injects into H2(M1/rg [ϵ];Z). In the torsion-free quotient
of H2(M1/rg [ϵ];Z), the Hodge class λ is divisible by precisely Ur r212 , where
Ur =

2 12 | r
4 4 - r, 3 | r
6 4 | r, 3 - r
12 4 - r, 3 - r.
More generally, κa/r1 is divisible by precisely a
2Ur , and λa/r is divisible by precisely
Ur
12 (r
2 −
6ar + 6a2). When µ is defined it is divisible by precisely −Ur r248 .
It is tedious but not difficult to see that for each fixed r all these divisibilities have no common
factor, and hence the classes we have defined generate the torsion-free quotient.
Corollary 1.7. The elements {λa/r , κa/r1 } (and µ if it is defined) generate the torsion-free
quotient of H2(M1/rg [ϵ];Z).
Having understood the divisibilities of the classes in the torsion-free quotient, it is easy to
produce torsion classes as linear combinations of the κa/r1 , λ
a/r and µ which vanish in the
torsion-free quotient. In order to determine when torsion classes are non-trivial, we prove the
following detection theorem.
Theorem 1.8. For g in the stable range there is a canonical homomorphism
ϕ : H2(M1/rg [ϵ];Z) −→ Z/24
which is injective when restricted to the torsion subgroup. It sends λa/r to 2, κa/r1 to 0, and if µ
is defined it sends it to 1.
This theorem implies the following, using the known order of the torsion subgroup coming
from Theorem 1.4.
Corollary 1.9. If r is odd or r ≡ 2 mod 4, the class
12λ− r2κ1/r1
gcd(12, r2)
generates the torsion subgroup. If r ≡ 0 mod 4 then the class
48µ+ r2κ1/r1
gcd(48, r2)
generates the torsion subgroup.
Combining Corollaries 1.7 and 1.9, we can make the following observation.
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Corollary 1.10. The elements {λa/r , κa/r1 } (and µ if it is defined) generate the group
H2(M1/rg [ϵ];Z). All relations between them are implied by Theorems 1.6 and 1.8.
Example 1.11 (2-Spin). Consider the classes λ, λ1/2, µ, κ1 and κ
1/2
1 . The number U2 is 12, so
in the torsion-free quotient λ is divisible by 4, λ1/2 is divisible by −2, µ is divisible by −1,
κ1 is divisible by 48, and κ
1/2
1 is divisible by 12. The class 4µ + λ maps to 6 ∈ Z/24, an
element of order 4, so it generates the torsion subgroup. Thus a presentation of the second integral
cohomology of M1/2g [ϵ] in the stable range is
⟨λ,µ | 4(λ+ 4µ)⟩.
Example 1.12 (3-Spin). Consider the classes λ, λ1/3, λ2/3, κ1 and κ
1/3
1 . The number U3 is 4,
so in the torsion-free quotient λ is divisible by 3, λ1/3 is divisible by −1, λ2/3 is divisible by
−1, κ1 is divisible by 36, and κ1/31 is divisible by 4. The class 3λ1/3 + λ maps to 8 ∈ Z/24,
an element of order 3, so it generates the torsion subgroup. Thus a presentation of the second
integral cohomology of M1/3g [ϵ] in the stable range is
⟨λ, λ1/3 | 3(λ+ 3λ1/3)⟩.
Example 1.13 (4-Spin). Consider the classes λ, λ1/4, λ1/2, λ3/4 and µ. The number U4 is 6,
so in the torsion-free quotient λ is divisible by 8, λ1/4 is divisible by −1, λ1/2 is divisible by
−4, λ3/4 is divisible by −1, and µ is divisible by −2. The class µ − 2λ1/4 is torsion and maps
to −3 ∈ Z/24, so generates the torsion subgroup. Thus a presentation of the second integral
cohomology of M1/4g [ϵ] in the stable range is
⟨µ, λ1/4 | 8(µ− 2λ1/4)⟩.
1.7. Low-dimensional homology of the space of r-theta-characteristics
The extension (1.1) and the known abelianisation of Γ 1/rg (ζ ) from Theorem 1.4 imply a
calculation of the abelianisation of G1/rg (ζ ) as long as one can understand the effect of the map
Z/r → Γ 1/rg (ζ ) on abelianisations. We explain in Section 5 how to compute the effect of this
map, but the formulae are complicated and the abelianisation of G1/rg (ζ ) depends sensitively on
r, g and Arf(ζ ), so it is difficult to give a general statement. However for any particular r it is not
a difficult calculation.
Example 1.14. The group H1(M1/2g [ϵ];Z) is Z/4 for g ≥ 9, and the group H1(M1/3g ;Z) is Z/3
for g ≥ 10. The group H1(M1/4g [ϵ];Z) is Z/8 if ϵ = 0, and is Z/4 otherwise, assuming that
g ≥ 10.
From the abelianisation of G1/rg (ζ ) we may deduce the second integral cohomology ofM1/rg [ϵ] as an abstract group, but the methods of Section 5 in fact allow us to compute the
effect of the (injective) map
H2(M1/rg [ϵ];Z) −→ H2(M1/rg [ϵ];Z).
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Example 1.15. As a subgroup of H2(M1/2g [ϵ];Z) = ⟨λ,µ|4(λ+ 4µ)⟩, the second cohomology
of M1/2g [ϵ] is the whole group if ϵ = 0 and the index 2 subgroup ⟨λ, 2µ|4(λ+ 4µ)⟩ if ϵ = 1, as
long as g ≥ 9.
The first rational cohomology of G1/rg (ζ ) is stably trivial, and the second rational cohomology
stably has rank one, giving further support to the general belief that this is true for all finite-index
subgroups of the mapping class group.
1.8. Picard groups and Neron–Severi groups
The topological Picard group Pictop(X/G) of the orbifold X/G is the set of isomorphism
classes of G-equivariant complex line bundles on X , which forms an abelian group under tensor
product of line bundles. The first Chern class provides a homomorphism
c1 : Pictop(X/G) −→ H2(X/G;Z)
which is in fact an isomorphism.
The orbifolds M1/rg and M1/rg have a complex structure, and so they also have holomorphic
Picard groups: these are the sets of isomorphism classes of G1/rg - or Γ
1/r
g -equivariant
holomorphic line bundles on Tg , under tensor product of holomorphic line bundles. For a
holomorphic orbifold X there is a map
Pichol(X) −→ Pictop(X)
with kernel Pic0hol(X) consisting of the topologically trivial holomorphic line bundles. The
analytic Neron–Severi group NS(X) is defined to be the quotient group Pichol(X)/Pic0hol(X),
so there is a sequence of maps
Pichol(X) −→ NS(X) −→ Pictop(X) c1−→ H2(X;Z),
where the first map is an epimorphism, the second is a monomorphism and by the discussion
above the last is an isomorphism.
The orbifold M1/rg [ϵ] has the structure of a quasi-projective orbifold, as it has a finite cover by
a quasi-projective variety. Thus it has an algebraic Picard group Picalg(M1/rg [ϵ]) consisting of
holomorphic line bundles which are algebraic on all finite quasi-projective covers. The orbifold
M1/rg [ϵ] also has an algebraic Picard group, by virtue of being a Z/r -gerbe over the quasi-
projective orbifold M1/rg [ϵ]; we define it in Section 6.3.
Theorem 1.16. Consider the maps
Picalg(M
1/r
g [ϵ]) −→ Pichol(M1/rg [ϵ]) −→ NS(M1/rg [ϵ]) −→ H2(M1/rg [ϵ];Z).
As long as g is in the stable range, the composition is an isomorphism, the second map is
surjective, and the last map is an isomorphism. The same holds for M1/rg [ϵ].
Hence Theorem 1.4 computes both the topological and algebraic Picard groups and the
analytic Neron–Severi group of M1/rg , and the methods of Section 5 do the same for M1/rg .
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1.9. A conjecture of Cornalba
Cornalba in [8, p. 31], [9] and Jarvis in [23, Conjecture 4.4] conjecture the presentation
⟨λ, λ1/2|4λ+ 8λ1/2⟩
for the algebraic Picard group of M1/2g [ϵ], based on the following observations: λ + 2λ1/2 is an
element of order 4, λ and λ1/2 are elements of infinite order, and the Picard group is known to be
Z⊕ Z/4 as an abstract group.
However, Example 1.11 shows that in the torsion-free quotient of cohomology λ is divisible
by 4 and λ1/2 is divisible by −2. Furthermore, Theorem 1.16 shows that Picalg(M1/2g [ϵ]) →
H2(M1/2g [ϵ];Z) is an isomorphism for g ≥ 9. Hence the conjecture is incorrect, and a correct
presentation is that of Example 1.11, where we interpret µ as a class constructed out of some
square root of the algebraic line bundle λ1/2.
2. Madsen–Weiss theory for r-Spin Riemann surfaces
The main tool that allows us to say anything about the orbifolds M1/rg is the development
of a theory parallel to that of Madsen and Weiss [28] for Mg . Thus we have a good model for
the homotopy type of the orbifold M1/rg , a homological stability theorem for these spaces, and
an identification of the stable homology with the homology of a certain infinite loop space. The
following outline of the theory is rather brief, and we suggest that the reader also consult [28,16]
for the analogous theory for Mg .
2.1. A homotopical model for M1/rg
Let γ r → BSpinr (2) denote the universal r -Spin complex line bundle. Thus BSpinr (2) ≃
BU (1) and the complex line bundle γ r is r times the canonical bundle over BU (1). Let Σg
be a closed oriented surface, and Bun(TΣg, γ r ) denote the space of bundle maps TΣg → γ r ,
i.e. fibrewise linear isomorphisms. We define the homotopy-theoretic moduli space to be the
Borel construction
M1/r (Σg) := Bun(TΣg, γ r )×Diff+(Σg) Emb(Σg,R∞).
By construction, homotopy classes of maps from a manifold intoM1/r (Σg) classify concordance
classes of surface bundles with genus g fibres, equipped with a complex line bundle L on
the total space and an isomorphism from L⊗r to the vertical tangent bundle. In the model
we are using the universal family C1/rg →M1/r (Σg) is equipped with a fibrewise embedding
into R∞, and so a Riemannian metric. This gives a fibrewise almost complex structure, and by
the Newlander–Nirenberg theorem [31] a family of complex structures. There is a natural map
M1/r (Σg)→ M1/rg classifying this data, and we have immediately the following.
Proposition 2.1. M1/r (Σg) is the weak homotopy type of the orbifold M1/rg . In particular, they
have isomorphic integral cohomology.
2.2. Homological stability
In [37, Section 2] we studied the spacesM1/r (Σg) and their generalisationsM1/r (Σg,b; δ) to
surfaces with boundary, where the r -Spin structure is required to satisfy a boundary condition δ.
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The path-components of these are also Eilenberg–MacLane spaces, and we write Γ 1/rg,b (ζ ; δ) for
the fundamental group based at the r -Spin structure ζ ∈M1/r (Σg,b; δ).
The main theorem of that paper concerning these spaces is that they satisfy the hypotheses
of [36] and hence exhibit homological stability. The implication of this statement is the following.
Theorem 2.2. The homology of M1/r (Σg,b; δ) is independent of g, b and δ in degrees 6∗ ≤
2g − 8 for r > 2 and 5∗ ≤ 2g − 7 if r = 2. More precisely, all stabilisation maps from this
space obtained by gluing on an r-Spin surface along boundary components induce a homology
isomorphism in this range of degrees.
If we are discussing a certain homology group, we will use the term “in the stable range” to
mean “for g large enough to satisfy the above inequality”.
2.3. A universal approximation
We have a complex line bundle γ r → BSpinr (2), and we define the spectrum (in the sense of
stable homotopy theory)
MTSpinr(2) := Th(−γ r → BSpinr (2)),
that is, the Thom spectrum of the complement of the universal bundle over BSpinr (2). Let
Ω∞MTSpinr(2) denote the associated infinite loop space. By Pontrjagin–Thom theory the group
π0(Ω∞MTSpinr(2)) is isomorphic to the group of oriented r -Spin surfaces up to cobordism
(under disjoint union), but the cobordisms are required to be 3-manifolds whose tangent bundle
is isomorphic to ϵ1⊕L⊗r for some complex line bundle L , by an isomorphism which is standard
at the boundaries. This may be seen by carrying out the Pontrjagin–Thom construction in this
case, and we will not dwell on it. There is a natural homomorphism
χ : π0(Ω∞MTSpinr(2)) −→ Z
given by sending an r -Spin surface to its Euler characteristic, which is well-defined over this
cobordism relation by the Poincare´–Hopf theorem: the allowed cobordisms all admit a nowhere
vanishing vector field which agrees with the inward and outward vector fields at the incoming and
outgoing boundaries, respectively. As Σg admits an r -Spin structure precisely when r | 2 − 2g,
we see that the image of χ is 2rZ if r is odd and rZ if r is even.
In Section 3.5 we will show that
π0(Ω∞MTSpinr(2)) ∼=

Z r odd
Z⊕ Z/2 r even
as abstract groups, which implies that χ is injective when r is odd and has kernel Z/2 when r is
even. When r is even, there are maps
MTSpinr(2) −→ MTSpin2(2) −→ Σ−2MSpin
ending at the usual Spin bordism spectrum, and so a (surjective) homomorphism
π0(Ω∞MTSpinr(2)) −→ ΩSpin2 (∗) ∼= Z/2
where the isomorphism is by sending a Spin surface to its Arf invariant. In total we obtain a
canonical isomorphism
π0(Ω∞MTSpinr(2)) ∼=

2rZ r odd
rZ⊕ Z/2 r even
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given by the Euler characteristic and the Arf invariant. We write Ω∞χ,•MTSpinr(2) for the union
of those (one or two) path components which map to χ under the Euler characteristic map.
Given an r -Spin surface bundle (Σg → E π−→ B, L → E, ϕ : L⊗r ∼= Tv) there is a
Becker–Gottlieb [5] pretransfer
prt : Σ∞B+ −→ Th(−Tv → E),
and a map τ v : E → BSpinr (2) classifying the vertical tangent bundle. Composing these gives
a map
α♯ := Th(−τ v) ◦ prt : Σ∞B+ −→ MTSpinr(2)
with adjoint
α : B −→ Ω∞2−2g,•MTSpinr(2).
Performing this construction on the universal r -Spin bundle with genus g fibres gives a
comparison map
αg :M1/r (Σg) −→ Ω∞2−2g,•MTSpinr(2). (2.1)
The homological stability result and the methods of [16] or [17] imply that this map is an integral
homology equivalence in the stable range.
2.4. The “Mumford conjecture” for M1/rg
Theorem 1.3 stated in the introduction will follow once we are able to compute the rational
cohomology of the infinite loop space Ω∞0 MTSpin
r(2). This is easy: for any spectrum X, the
rational cohomology of the basepoint component of the associated infinite loop space, Ω∞0 X, is
the free graded commutative algebra on the rational vector space H∗>0spec (X;Q) of positive degree
elements in the spectrum cohomology of X.
In our case, the forgetful map MTSpinr(2)→ MTSO(2) induces an isomorphism on rational
cohomology (as we can compute the spectrum cohomology of both sides using the Thom
isomorphism), and henceΩ∞0 MTSpin
r(2)→ Ω∞0 MTSO(2) also induces such an isomorphism.
Theorem 1.3 then follows from the known cohomology of Ω∞0 MTSO(2), c.f. [28].
3. Computing the low-dimensional cohomology of M1/rg
The purpose of this section is to give the following calculation of the first and second integral
cohomology of the orbifold M1/rg , which establishes Theorem 1.4.
Theorem 3.1. There are isomorphisms
H2(M1/rg ;Z) ∼= Z⊕
Z/4 r ≡ 2 mod 4Z/8 r ≡ 0 mod 40 else ⊕

Z/3 r ≡ 0 mod 3
0 else
,
and H1(M1/rg ;Z) = 0, as long as g is in the stable range.
For g in the stable range there are isomorphisms
H2(M1/rg ;Z) ∼= H2(M1/r (Σg);Z) ∼= H2(Ω∞0 MTSpinr(2);Z).
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The rank of H2(Ω∞0 MTSpin
r(2);Z) is the same as the rank of the second rational cohomology,
which is one by Theorem 1.3. By the universal coefficient theorem and Hurewicz’ theorem, we
have
H2(Ω∞0 MTSpinr(2);Z) ∼= Z⊕ H1(Ω∞0 MTSpinr(2);Z) ∼= Z⊕ π1(MTSpinr(2))
and so the problem of computing the second cohomology of M1/rg is reduced to the problem of
computing a stable homotopy group.
We approach this problem by observing that by the Thom isomorphism the cohomology
H∗(MTSpinr(2);Z) is a free module of rank one over H∗(BSpinr (2);Z) = Z[x] on a generator
u−2 ∈ H−2(MTSpinr(2);Z), and that at each prime the action of the Steenrod algebra on
H∗(MTSpinr(2);Fp) is determined by its action on H∗(BSpinr (2);Fp) along with an identity
P(u−2) = f p(x) · u−2
for some formal power series f p(x) ∈ H∗(BSpinr (2);Fp) which may be computed from
characteristic classes of γ r → BSpinr (2). In particular, f2(x) is well-known to be the total
Stiefel–Whitney class of −γ r , and f3(x) is the total Pontrjagin class of −γ r reduced modulo 3,
c.f. [29, p. 229].
Definition 3.2. Let Xr be the homotopy cofibre in the sequence
MTSpinr(2) −→ MTSO(2) −→ Xr .
Proposition 3.3. The integral cohomology of Xr is given by H even(Xr ;Z) = 0 and H2i+1
(Xr ;Z) = Z/r i+1 for i ≥ 0.
Proof. On cohomology, after applying the Thom isomorphism, we have short exact sequences
0 −→ Z{x i+1 · u−2} ·r
i+1−−→ Z{x i+1 · u−2} −→ H2i+1(Xr ;Z) −→ 0. 
We can now refine our discussion in Section 2.4: not only is the forgetful map a rational
equivalence, it is an equivalence after inverting just r , because the spectrum Xr is bounded below
and has r -torsion homology, so Xr

1
r

≃ ∗.
Corollary 3.4. The map of localised spectra
MTSpinr(2)

1
r

−→ MTSO(2)

1
r

is a homotopy equivalence. Hence Ω∞0 MTSpin
r(2) −→ Ω∞0 MTSO(2) is a homology equival-
ence with any Z

1
r

-module coefficients.
The order of the group π1(MTSpinr(2))must then divide a power of r , as π1(MTSO(2)) = 0.
The following lemma further controls the primes which can divide the order of this group.
Lemma 3.5. For all primes p ≥ 5, H∗(MTSpinr(2);Fp) supports no non-trivial Steenrod
operations in degrees ∗ ≤ 3. Hence π1(MTSpinr(2)) has no torsion of order p.
Proof. Note that H∗(MTSpinr(2);Fp) has no Bockstein operations, as it is supported in even
degrees. Thus the shortest Steenrod operation is P1, which increases degrees by 2(p − 1), so
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at least 8 if p ≥ 5. In particular, P1(u−2) ∈ H≥6(MTSpinr(2);Fp) is outside the range under
consideration.
Thus H∗(MTSpinr(2);Fp) = Σ−2Fp ⊕ Fp ⊕ Σ 2Fp as a module over the Steenrod algebra
in degrees ∗ ≤ 3, so the E2-page for the Adams spectral sequence is Σ−2 M ⊕ M ⊕Σ 2 M in this
range, where M = Ext∗,∗Ap (Fp,Fp). This consists of a Z-tower in degrees −2, 0 and 2, so π1 has
no p-torsion. 
Thus the group π1(MTSpinr(2)) can have only 2- and 3-torsion, and only when 2 or 3
respectively divide r .
Corollary 3.6. If r is coprime to 6 then H2(M1/rg ;Z) ∼= Z in the stable range.
Lemma 3.7. The image of π0(MTSpinr(2)) in π0(MTSO(2)) ∼= Z is rZ if r is odd, and r2Z if
r is even.
Proof. The identification π0(MTSO(2)) ∼= Z is by sending an oriented surface to half its Euler
characteristic, so the problem is to determine which Euler characteristics can occur on r -Spin
surfaces. The Euler characteristic may be identified with the divisibility of c1(TΣg), so if the
surface has an r -Spin structure, r |χ . Thus the minimal possible Euler characteristic of an r-Spin
surface is r if r is even and 2r if r is odd. 
3.1. 3-torsion
At the prime 3 we have the identity
P(u−2) = p(−γ⊗r2 ) · u−2 = (1− r2 · x2)−1 · u−2,
where p is the total Pontrjagin class. This determines the structure of the cohomology
H∗(MTSpinr(2);F3) as a module over the Steenrod algebra. We are only interested in the case
where 3 divides r , so P(u−2) = u−2 and hence
H∗(MTSpinr(2);F3) ∼= Σ−2 H∗(BSO(2);F3)
as modules over the Steenrod algebra. In degrees ∗ ≤ 5 this is the module
Σ−2F3 ⊕ (F3 P
1−→ Σ 4F3)⊕ Σ 2F3,
and the chart of the E2-page of the Adams spectral sequence calculating the 3-primary homotopy
of MTSpinr(2) is as shown in Fig. 1. It immediately implies that π1(MTSpinr(2))(3) is Z/3 if
3 | r and zero otherwise.
3.2. 2-torsion
At the prime 2 we have the identity
Sq(u−2) = w(−γ⊗r2 ) · u−2 = (1+ r · x)−1 · u−2
and we are only interested in the case where 2 divides r so we obtain Sq(u−2) = u−2 and hence
H∗(MTSpinr(2);F2) ∼= Σ−2 H∗(BSO(2);F2)
as modules over the Steenrod algebra. Thus the chart of the E2-page of the Adams spectral
sequence calculating the 2-primary homotopy of MTSpinr(2) is as shown in Fig. 2. There is an
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Fig. 1. Partial E2-page of the Adams spectral sequence converging to the 3-primary homotopy groups of the spectrum
MTSpinr(2). The diagram is complete to the left of the dotted line.
Fig. 2. Partial E2-page of the Adams spectral sequences converging to the 2-primary homotopy groups of the spectra
MTSpinr(2) and MTSO(2). The diagrams are complete to the left of the dotted line, and the dotted arrows show the
only possible differentials in this range.
ambiguity in π1(MTSpinr(2))(2) given by the possible differential, which we must resolve. In
order to do this we also compute the E2-page of the Adams spectral sequence for the cofibre Xr
at the prime 2 (when r is even). This depends on whether r is divisible by 4 or not.
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Proposition 3.8. The cohomology groups H∗(Xr ;F2) are a copy of F2 in each degree i ≥ 0,
generated by an element ai . As a module over the Steenrod algebra, up to degree 4 the only
non-trivial operations are
Sq2(a2) = a4, Sq2(a1) = a3,
and if r ≡ 2 mod 4 then Sq1(a0) = a1.
Proof. The identification of the cohomology groups follows from Proposition 3.3 and the
Universal Coefficient Theorem. The identification of the Steenrod operations follows from the
known operations in MTSO(2) and MTSpinr(2) in this range. 
Thus if r ≡ 2 mod 4 then H∗(Xr ;F2) is the module
(F2
Sq1−−→ Σ 1F2 Sq
2
−−→ Σ 3F2)⊕ (Σ 2F2 Sq
2
−−→ Σ 4F2)
in degrees ≤ 4, and if r ≡ 0 mod 4 it is the module
F2 ⊕ (Σ 1F2 Sq
2
−−→ Σ 3F2)⊕ (Σ 2F2 Sq
2
−−→ Σ 4F2)
in this range. The E2-pages of the corresponding Adams spectral sequences split accordingly in
this range, and each elementary module has a well-known Adams E2-page.
3.3. Case 1
Let us first treat the case r ≡ 2 mod 4, where a chart for the Adams E2-page for Xr is shown
in Fig. 3. As Xr is r -torsion, the two Z-towers in degrees 2 and 3 must kill each other, so that
π2(Xr )(2) = Z/2k for some k ≥ 4. The long exact sequence in 2-local homotopy gives the exact
sequences
· · · −→ π4(Xr )(2) −→ π3(MTSpinr(2))(2) −→ Z/8 −→ Z/2 −→ 0,
and
0 −→ Z(2) −→ Z(2) −→ Z/2k −→ π1(MTSpinr(2))(2) −→ 0.
The first sequence implies that π3(MTSpinr(2))(2) has order at least 4, and so the differential
entering the total degree 3 column is zero, and π3(MTSpinr(2))(2) ∼= Z/4.
Suppose now that the differential entering the total degree 1 column is zero: then the Adams
spectral sequence for MTSpinr(2) collapses in the range we have drawn it, and in particular we
may read off its π∗(S)-module structure. By the short exact sequence
0 −→ π3(MTSpinr(2))(2) −→ π3(MTSO(2))(2) −→ Z/2 −→ 0
and comparing the (collapsing) charts for MTSpinr(2) and MTSO(2), we see that Z(2) ∼=
π2(MTSpinr(2))(2) → π2(MTSO(2))(2) ∼= Z(2) must be an isomorphism. Thus
Z/2k≥4 ∼= π2(Xr )(2) ∼= π1(MTSpinr(2))(2) ∼= Z/8,
which is a contradiction. Thus when r ≡ 2 mod 4 the differential entering the degree 1 column
is non-trivial, and so
π1(MTSpinr(2))(2) ∼= Z/4.
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Fig. 3. Partial E2-page of the Adams spectral sequences converging to the 2-primary homotopy groups of the spectrum
Xr , when r ≡ 2 mod 4. The diagram is complete to the left of the dotted line. There is a differential into the total degree
2 column: the dotted arrow shows the shortest possible such differential.
Fig. 4. Partial E2-page of the Adams spectral sequences converging to the 2-primary homotopy groups of the spectrum
Xr , when r ≡ 0 mod 4. The diagram is complete to the left of the dotted line. The grey dots show groups which definitely
die. There is a differential into the total degree 2 column: the dotted arrow shows the shortest possible such differential.
3.4. Case 2
Let us now treat the case r ≡ 0 mod 4, where a chart for the Adams E2-page for Xr is shown
in Fig. 4. As Xr is r -torsion, the Z-towers must kill each other. As π0(Xr ) fits into an exact
sequence
· · · → Z⊕ Z/2 ·r/2−−→ Z→ π0(Xr )→ Z/2 → 0
it is finite of order r , so its 2-component is finite of order 2v2(r). From the chart we see that it is
cyclic of this order, so π0(Xr ) ∼= Z/r , and we have the computation
π∗(Xr )(2) =

Z/r ⊗ Z(2) ∗ = 0
Z/2 ∗ = 1
Z/2⊕ Z/2k ∗ = 2 k ≥ 3
in degrees up to 2. Consider the portion of the long exact sequence in 2-local homotopy,
· · · → π3(Xr )(2) 0−→ Z(2) → Z(2) f−→ Z/2⊕ Z/2k≥3 → π1(MTSpinr(2))(2) → 0.
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The map f is onto the first factor, so suppose it sends 1 to (1, 2N ). Then
π1(MTSpinr(2))(2) ∼= Z/2min(k,N+1).
The generator of π2(MTSO(2))(2) is in Adams filtration 2, so its image has filtration at least
2. Thus N ≥ 2, and so min(k, N + 1) ≥ 3, but π1(MTSpinr(2))(2) is also at most Z/8, so
min(k, N + 1) = 3, and so N = 2. Thus
π1(MTSpinr(2))(2) ∼= Z/8,
and there is no differential.
3.5. π0(MTSpinr(2))
As we have used it in Section 2.3, we remark that Figs. 1 and 2 show that
π0(MTSpinr(2)) ∼=

Z r odd
Z⊕ Z/2 r even
as abstract groups.
3.6. Induced maps
Proposition 3.9. The map π2(MTSpinr(2)) = Z→ π2(MTSO(2)) = Z is given by multiplic-
ation by r2Ur/12, where
Ur =

2 12 | r
4 4 - r, 3 | r
6 4 | r, 3 - r
12 4 - r, 3 - r.
Proof. There is a commutative square
π2(MTSpinr(2)) = Z ·Ur✲ H2(MTSpinr(2);Z) = Z
π2(MTSO(2)) = Z
❄ ·12✲ H2(MTSO(2);Z) = Z,
·r2
❄
where the Hurewicz map Ur may be determined by studying the Atiyah–Hirzebruch spectral
sequence
E2p,q = Hp(MTSpinr(2);πq(S)) =⇒ πp+q(MTSpinr(2)),
where it occurs as an edge homomorphism. There is a unique pattern of differentials out of E22,0
consistent with the known homotopy groups of MTSpinr(2), and this determines the index of
the image of the Hurewicz map. 
4. Identifying classes in H2(M1/rg ;Z)
In the introduction we defined cohomology classes κa/r1 and λ
a/r in H2(M1/rg ;Z), similar in
spirit to the classes κ1 and λ defined in the cohomology of Mg . When r is even we have defined a
further classµ, which satisfies the equation 2µ = λ1/2. All of these classes may in fact be defined
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on the infinite loop space Ω∞MTSpinr(2), as they all come from fibre-integration of a stable
characteristic class associated to the vertical tangent bundle. In this section, we will explain how
to construct them in this manner.
Definition 4.1. For any generalised cohomology theory E and any spectrum X, there is a
cohomology suspension map
σ ∗ : E∗(X) −→ E∗(Ω∞X),
given by applying E∗ to the evaluation maps Σ nΩn Xn → Xn and taking a limit over n.
We write γ r → BSpinr (2) for the tautological bundle, and L for its canonical r th root. The
Thom isomorphism in spectrum cohomology gives
H∗(BSpinr (2);Z) −→ H∗−2(MTSpinr(2);Z)
x −→ x · u−2,
and hence we may define κa/r1 ∈ H2(Ω∞MTSpinr(2);Z) as σ ∗(c1(La)2 · u−2).
The virtual bundle −γ r → BSpinr (2) is complex, and hence oriented in complex K-theory.
Thus there is a Thom isomorphism in spectrum K-theory
K 0(BSpinr (2)) −→ K 0(MTSpinr(2))
x −→ x · λK−γ r ,
where λK−γ r denotes the standard K -theory Thom class, and hence an element σ ∗(L⊗a · λK−γ r ) ∈
K 0(Ω∞MTSpinr(2)). We may define λ−a/r to be the first Chern class of this virtual bundle.
If r is even, there is an isomorphism (L⊗r/2)⊗2 ∼= γ r and so γ r has a canonical Spin structure
and hence is oriented in real K-theory. Thus there is a Thom isomorphism in spectrum KO-theory
K O0(BSpinr (2)) −→ K O−2(MTSpinr(2))
x → x · λK O−γ r ,
where λK O−γ r denotes the K O-theory Thom class given by the Spin structure, and hence an
element ξ := σ ∗(1 · λK O−γ r ) ∈ K O−2(Ω∞MTSpinr(2)). Elements in K O−2 are represented
by complex vector bundles with a trivialisation of the underlying real vector bundle, and such
bundles have a canonical choice of half the first Chern class. We define µ := c12 (ξ). Just as in
the introduction, we have the relation 2µ = λ1/2 as the underlying complex vector bundle of ξ
is σ ∗(L−⊗r/2 · λK−γ r ), which follows from the relation between Spin and Spinc Thom classes;
c.f. [27, p. 396].
4.1. Divisibility of classes in the torsion-free quotient
Proof of Theorem 1.6. Let us consider the fibration sequence of connected infinite loop spaces,
Ω∞+10 Xr −→ Ω∞0 MTSpinr(2) −→ Ω∞0 MTSO(2).
Considering the Serre spectral sequence in cohomology, we see that there is a short exact
sequence
0 → H2(Ω∞0 MTSO(2);Z)→ H2(Ω∞0 MTSpinr(2);Z)→ H2(Ω∞+10 Xr ;Z)→ 0,
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and furthermore, restricting to the torsion subgroup, the map
Tors H2(Ω∞0 MTSpinr(2);Z) −→ H2(Ω∞+10 Xr ;Z)
is Pontrjagin dual to the connecting homomorphism
H1(Ω∞+10 Xr ) ∼= π2(Xr )→ H1(Ω∞0 MTSpinr(2)) ∼= π1(MTSpinr(2)).
The long exact sequence of homotopy groups
· · · → π2(MTSpinr(2)) r
2Ur /12−−−−→ π2(MTSO(2))→ π2(Xr )→ π1(MTSpinr(2))→ 0
shows that this connecting homomorphism is surjective with kernel Z/(r2Ur/12). Thus the
Pontrjagin dual map is injective with cokernel Z/(r2Ur/12), so there is an exact sequence
0 → H2(Ω∞0 MTSO(2);Z)→ H2(Ω∞0 MTSpinr(2);Z)/tors.→ Z/(r2Ur/12)→ 0,
and hence λ is divisible by precisely r2Ur/12 in the torsion-free quotient.
The remaining divisibilities follow once we establish the rational proportionalities between
the classes {κa/r1 , λa/r , µ} and λ. First, κa/r1 = 1a2 κ1 = 12a2 λ. In order to relate λ−a/r to the other
classes, we apply the Chern character:
ch(πK! (L
a)) = π!(ch(La) · Td(Tv)) = π!

eac1(L) · c1(Tv)
1− e−c1(Tv)

and note that c1(Tv) = r · c1(L). Thus
λ−a/r = r
2 + 6ar + 6a2
r2
λ ∈ H2(M1/rg ;Q). (4.1)
Finally we have that 2µ = λ1/2. If we let g be a generator of the torsion-free quotient such that
λ = r2Ur12 g, then
κ
a/r
1 = a2Ur g
λa/r = Ur
12
(r2 − 6ar + 6a2)g
µ = −Ur
48
r2g when it is defined. 
4.2. Torsion classes
We can define torsion classes in the cohomology of M1/rg as certain linear combinations of
λa/r , κ
1/r
1 and µ which vanish in the torsion-free quotient. The classes
ta/r,b/r := (r
2 − 6br + 6b2) · λa/r − (r2 − 6ar + 6a2) · λb/r
gcd(r2 − 6ar + 6a2, r2 − 6br + 6b2)
and
ta/r := 12 · λ
a/r − (r2 − 6ar + 6a2) · κ1/r1
gcd(12, r2 − 6ar + 6a2)
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are torsion. When r is even, there is also the torsion class
t := 48 · µ+ r
2κ
1/r
1
gcd(r2, 48)
.
Although we have calculated H2(M1/rg [ϵ];Z) as an abstract group, we do not yet have a way
of determining whether the torsion classes we have constructed are non-zero or not. The main
result of this section is a detection theorem which will allow us to identify torsion classes.
Lemma 4.2. There is a natural homomorphism
i∗ : H2(Ω∞0 MTSpinr(2);Z) −→ H2(Ω20 Q(S0);Z)
which is injective when restricted to the torsion subgroup.
Proof. Consider the map of spectra
i : S−2 −→ MTSpinr(2)
given by the inclusion of the −2-cell. Consulting the Adams spectral sequence
charts for MTSpinr(2) in all possible cases, we see that π1(MTSpinr(2)) is ob-
tained entirely from π−2(MTSpinr(2)) via the π∗(S)-module structure. This implies that
π1(S−2) → π1(MTSpinr(2)) is surjective, so taking infinite loop spaces the homomorphism
H1(Ω20 Q(S
0);Z)→ H1(Ω∞0 MTSpinr(2);Z) is surjective, and the claim follows by Pontrjagin
duality. 
Thus we may test the non-triviality of torsion elements by computing them on Ω20 Q(S
0).
Proposition 4.3. The classes i∗λa/r are all equal, and so in particular all equal to i∗λ; this
class is twice a generator of H2(Ω20 QS
0;Z) ∼= Z/24. When µ is defined, i∗µ is a generator of
H2(Ω20 QS
0;Z) ∼= Z/24. The classes i∗κa/r1 are all zero.
Proof. The class i∗λa/r is the first Chern class of the K-theory class
S−2 i−→ MTSpinr(2) L
a ·λ−γ r−−−−−→ K,
which may be obtained using the Thom isomorphism in K-theory of the virtual bundle −C→ ∗
applied to the pullback of the line bundle La → BSpinr (2) to a point: this is the trivial line
bundle over a point for all a, which proves the first assertion. More precisely, considered as an
element of π−2(K) this is β−1, the inverse of the Bott element. In the appendix, we compute the
effect of the map
H2(BU ;Z)∼=Bott H2(Ω20 (Z× BU );Z)
Ω20 (unit)−−−−−→ H2(Ω20 QS0;Z) ∼= Z/24
and show it sends the first Chern class to twice a generator.
The statement about µ is immediate, as 2µ = λ1/2 so 2i∗(µ) = i∗(λ1/2) is twice a generator,
so i∗(µ) is a generator. The statement about κa/r1 follows because i∗σ ∗(c1(La)2 · u−2) =
σ ∗(i∗(c1(La)2 · u−2)) but i∗(c1(La)2 · u−2) ∈ H2(S−2;Z) = 0. 
Proof of Theorem 1.8. When g is in the stable range, the canonical map
α∗g : H2(Ω∞2−2g,ϵMTSpinr(2);Z) −→ H2(M1/r (Σg)[ϵ];Z) ∼= H2(M1/rg [ϵ];Z)
504 O. Randal-Williams / Advances in Mathematics 231 (2012) 482–515
is an isomorphism, and the equivalence Ω∞2−2g,ϵMTSpin
r(2) ≃ Ω∞0 MTSpinr(2) is canonical
up to homotopy too. Thus the map of Lemma 4.2 provides a canonical map
ϕ¯ : H2(M1/rg [ϵ];Z) −→ H2(Ω20 QS0;Z)
which is injective on the torsion subgroup. By the universal coefficient theorem, this last group
is naturally isomorphic to Ext(π s3 ,Z), which is isomorphic to Z/24.
When r = 2 the class ϕ¯(µ) ∈ H2(Ω20 QS0;Z) is a generator by Proposition 4.3 and so
describes an isomorphism H2(Ω20 QS
0;Z) ∼= Z/24 under which ϕ¯(µ) goes to 1. Let us use this
as our standard identification of H2(Ω20 QS
0;Z) with Z/24, giving a map
ϕ : H2(M1/rg [ϵ];Z) −→ Z/24.
It remains to establish the effect of this map on the elements λa/r , κa/r1 and µ when it is defined.
By Proposition 4.3 all the κa/r1 are sent to zero, and all the λ
a/r are sent to the same thing. As
2µ = λ1/2, it is enough to check where µ is sent when r is even, and where λ is sent when r is
odd. For this we make use of the following diagram:
Ω20 QS
0 ✲ Ω∞0 MTSpin2r(2) ✲ Ω∞0 MTSpinr(2)
Ω∞0 MTSpin2(2)
❄✲
By definition of the isomorphism H2(Ω20 QS
0;Z) ∼= Z/24, the diagonal map sends µ to
1 ∈ Z/24 and hence λa/r to 2 ∈ Z/24. By naturality the same is true for the top left map,
as µ is pulled back to a class of the same name here. Naturality of µ and λa/r with respect to the
top right map establishes the theorem. 
Using the formulae for the torsion elements ta/r and t , and the fact that we are able to compute
them pulled back to Ω20 QS
0, we establish Corollary 1.9.
Proof of Corollary 1.9. We use the formulae of Theorem 1.8 for ϕ. Suppose r is odd, and 3 | r
(as otherwise there is nothing to show). The class we are considering is t0/r . We have that ϕ(t0/r )
is 24/ gcd(12, r2) in Z/24. The gcd is precisely 3 in this case, so we get 8, and ϕ is injective when
restricted to the torsion subgroup, so we are done.
Suppose r ≡ 2 mod 4. The class we are considering is t0/r . We have that ϕ(t0/r ) is
24/ gcd(12, r2) in Z/24, which is 2 if 3 | r or 6 if 3 - r . As ϕ is injective when restricted to
the torsion subgroup, we are done.
Suppose r ≡ 0 mod 4. The class we are considering is t . We have that ϕ(t) is 48/ gcd(48, r2)
in Z/24, which is 1 if 3 | r or 3 if 3 - r . As ϕ is injective when restricted to the torsion subgroup,
we are done. 
4.3. Twists of r-Spin structures
Let π : E → B be a r -Spin Σg-bundle, that is, an oriented surface bundle of genus g with a
complex line bundle L → E and an isomorphism ϕ : L⊗r ∼= TvE . Suppose that D → B is a
complex line bundle equipped with an isomorphism D⊗r ∼= ϵ1. Such bundles are classified up
to isomorphism by elements of H1(B;Z/r), and we also write D for the cohomology class
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it represents. We can produce a new r -Spin structure on π by L D := L ⊗ π∗D, as then
L⊗rD ∼= L⊗r ⊗ π∗D⊗r ∼= TvE ⊗ ϵ1.
We give here a formularium for computing the characteristic classes κa/r1 , λ
a/r and µ of
the r -Spin structure L D in terms of those of L , the class D ∈ H1(B;Z/r) and its Bockstein
β(D) ∈ H2(B;Z).
Theorem 4.4. There are equalities
κ
a/r
1 (L D) = κa/r1 (L)+
2a2χ(Σg)
r
β(D)
λ−a/r (L D) = λ−a/r (L)
µ(L D) = µ(L)+ Arf(L)r2β(D)
in H2(B;Z).
Proof. The universal situation for such twistings is M1/rg × BZ/r , and the Ku¨nneth formula for
H2 of this space shows that classes must differ by a multiple of β(D).
The first equation follows easily from the definition L D = L ⊗ π∗D and the fact that
c1(D) is the Bockstein β(D) when we consider D as an element of H1(B;Z/r): so c1(L D) =
c1(L)+ β(D).
For the second equation, we calculate
λ−a/r (L D) = c1(πK! (LaD)) = c1(πK! (La ⊗ π∗(Da))) = c1(π!(La)⊗ Da)
and bear in mind that dim(πK! (L
a)) = (a + r2 )χ(Σg), and that r | χ(Σg).
The last equation is more complicated. The class µ is defined for 2-Spin structures, so the
difference µ(Ld) − µ(L) must be a multiple of the order 2 class r2β(D). To determine which
multiple, it is enough to compute it for the trivial surface bundleΣg×RP∞ → RP∞ with 2-Spin
structure L → Σg , and D the tautological class on RP∞. The spin structure L D differs from L
by tensoring with the complex line bundle β(D). This has a trivialisation of its square, and so is
naturally the complexification of a real line bundle D ∈ H1(RP∞;Z/2). There is an equality
πK O! (1)L D = D⊗R πK O! (1)L ∈ K O−2(B),
where πK O! (−)X denotes the pushforward in real K -theory defined using the Spin structure X .
This equality comes from the formula for the K O-theory Thom class given by the Spin structure
L D , in terms of the Thom class for the Spin structure L .
The class πK O! (1)L ∈ K O−2(RP∞) is pulled back from a class in K O−2(∗) = Z/2, as
the Spin bundle is trivial. The class it is pulled back from is nothing but Arf(L) · η2, where
η ∈ K O−1(∗) is the Hopf map, and so πK O! (1)L D = Arf(L) · D · η2. This is Arf(L) times the
map
RP∞ → BO η−→ O → O/U,
and π1(RP∞)→ π1(BO) η−→ π1(O) is an isomorphism, so
H2(O/U ;Z) = Z epi−→ H2(O;Z) = Z/2 ∼−→ H2(RP∞;Z) = Z/2
is surjective, and hence c12 (D · η2) = β(D). 
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5. Computations of the homology of M1/rg
We can use the extension (1.1) and the characteristic class description of the elements of
H2(M1/rg ;Z) to compute the low-dimensional cohomology of M1/rg . In order to do so, we wish
to compute the effect on first homology of the inclusion of the fibre in the fibration
BZ/r −→M1/rg [ϵ] −→ M1/rg [ϵ]. (5.1)
The map H1(BZ/r;Z)→ H1(M1/rg [ϵ];Z) is Pontrjagin dual to the map
Tors H2(M1/rg [ϵ];Z) −→ H2(BZ/r;Z) ∼= Z/r, (5.2)
and so it suffices to compute the effect of this map.
By Corollary 1.9, we have generators for the torsion subgroup of H2(M1/rg [ϵ];Z). In order to
calculate the images of these elements under the above map, we must compute the characteristic
classes κ1/r1 , λ and µ on the r -Spin surface bundle classified by the map BZ/r →M1/rg [ϵ]. The
bundle this map classifies is, by definition, the twist of the trivial r -Spin bundle classified by the
constant map BZ/r → M1/rg [ϵ] by the tautological class x ∈ H1(BZ/r;Z/r). Theorem 4.4
tells us how to compute the characteristic classes of this bundle: they are
κ
1/r
1 =
2χ(Σg)
r
β(x)
λ = 0
µ = ϵ r
2
β(x)
when the class µ makes sense (i.e. when r is even). Carrying out these computations using
Corollary 1.9 leads to the following description of the map (5.2).
Proposition 5.1. If r is odd or r ≡ 2 mod 4 the map (5.2) is zero. If r ≡ 0 mod 4 the
map (5.2) has image r(12ϵ+χ(Σg))8 gcd(3,r) Z/r .
Proof. Recall the statement of Corollary 1.9: if r is odd or r ≡ 2 mod 4, the element 12λ−r2κ
1/r
1
gcd(12,r2)
generates the torsion subgroup. The map (5.2) sends this to −2rχ(Σg)
gcd(12,r2)
∈ Z/r , which is zero. If
r ≡ 0 mod 4 the element 48µ+r2κ
1/r
1
gcd(48,r2)
generates the torsion subgroup. The map (5.2) sends this to
48ϵ r2 + 2rχ(Σg)
16 gcd(3, r)
∈ Z/r,
which may be simplified to the expression in the statement. 
From these formulae one can compute the kernel of the homomorphism (5.2), as it is
cyclic and the above proposition determines its order. This group is then Pontrjagin dual to
H1(M1/rg [ϵ];Z). As one can readily see from the statement of the above proposition, there will
not be an especially pleasant formula for the order of this group, as for any fixed r it varies with
ϵ and g.
We can also use the formulae above to compute the second integral cohomology of M1/rg [ϵ].
Of course as an abstract group it is isomorphic to Z⊕H1(M1/rg [ϵ];Z) and the calculation of first
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homology follows from Proposition 5.1. However the formulae above also let us calculate the
image of the injective map
H2(M1/rg [ϵ];Z) −→ H2(M1/rg [ϵ];Z)
because the Leray–Serre spectral sequence for the fibration (5.1) gives an exact sequence
0 −→ H2(M1/rg [ϵ];Z) −→ H2(M1/rg [ϵ];Z) −→ Z/r
and the last map is determined by the formulae above. As these are fairly complicated, it is
difficult to give a general expression for the image of this map. However, we have calculated
the following three examples. We refer to Examples 1.11–1.13 for presentations of the second
cohomology of M1/rg [ϵ] in these cases.
Example 5.2. The group H2(M1/2g [ϵ];Z) is isomorphic to Z ⊕ Z/4 for g ≥ 9, but the map
to H2(M1/2g [ϵ];Z) is an isomorphism if ϵ = 0 and an injection onto the index 2 subgroup
⟨λ, 2µ | 4(λ+ 4µ)⟩ if ϵ = 1.
Example 5.3. The group H2(M1/3g ;Z) is isomorphic to Z ⊕ Z/3 for g ≥ 10, and the map to
H2(M1/3g ;Z) is an isomorphism.
Example 5.4. For g ≥ 10, the map from H2(M1/4g [ϵ];Z) to H2(M1/4g [ϵ];Z) is an isomorphism
if ϵ = 0, and an injection on to the index 2 subgroup ⟨2µ, λ1/4 | 4(2µ− 4λ1/4)⟩ if ϵ = 1.
Remark 5.5 (Commentary on [20]). Consider the fibration
BZ/2 i−→M1/2g [ϵ] p−→ M1/2g [ϵ].
Proposition 5.1 shows that the map
i∗ : Tors H2(M1/2g [ϵ];Z) −→ H2(BZ/2;Z) ∼= Z/2
is zero, so its Pontrjagin dual H1(i;Z) is zero, and so H1(p;Z) is an isomorphism. Thus
H1(p;Z/2) is also an isomorphism, and so H1(i;Z/2) is zero. The Serre spectral sequence
for this fibration must then have the differential
d2 : H1(Z/2;Z/2) −→ H2(M1/rg [ϵ];Z/2)
injective. Translating to group cohomology, the class e ∈ H2(G1/2g (ζ );Z/2) classifying the
extension (1.1) is non-trivial (for g ≥ 9), and is trivial when restricted to H2(Γ 1/2g (ζ );Z/2).
(This can of course also be deduced by other means.) We will explain how this shows that [20,
Theorem 4.1] is false.
In [37, Section 2.2] we showed that Γ 1/2g,1 (ζ ) ≤ Γg,1 and G1/2g (ζ ) ≤ Γg are the subgroups
of the mapping class groups consisting of those diffeomorphisms which fix a 2-Spin structure
ζ up to isomorphism. This identifies Γ 1/2g,1 (ζ ) with the group called Gg,1 in [20], and G
1/2
g (ζ )
with Gg . Our homology stability theorem, when translated from spaces to groups, shows that
Γ 1/2g,1 (ζ ) → Γ 1/2g (ζ ) is an isomorphism on homology in an increasing range of degrees, and so
we deduce that the map Gg,1 → Gg is not an isomorphism on H2(−;Z/2) for large g.
508 O. Randal-Williams / Advances in Mathematics 231 (2012) 482–515
6. Relating Picard groups to cohomology
In this section, we will define the necessary terms and prove Theorem 1.16 from the
introduction.
6.1. Topological Picard groups
Recall from the introduction that the topological Picard group Pictop(X/G) of a global
quotient orbifold X/G (that is, an orbifold obtained as the quotient by a proper smooth action of
a discrete group G on a smooth manifold X ) is the set of isomorphism classes of G-equivariant
complex line bundles on X , which is an abelian group under tensor product of line bundles. The
first Chern class provides a map
c1 : Pictop(X/G) −→ H2(X/G;Z)
which is an isomorphism (see e.g. [34, Theorem 2.9]). Thus the maps
Pictop(M1/rg [ϵ]) c1−→ H2(M1/rg [ϵ];Z) Pictop(M1/rg [ϵ]) c1−→ H2(M1/rg [ϵ];Z)
are both isomorphisms.
6.2. Holomorphic Picard groups
Recall from the introduction that if a group Γ acts by biholomorphisms on a complex manifold
X , the orbifold quotient X := X/Γ has a complex structure and we may define the holomorphic
Picard group Pichol(X) to be the set of isomorphism classes of G-equivariant holomorphic line
bundles on X , which is an abelian group under tensor product of line bundles. Equivalently, ifOX
is the sheaf of holomorphic functions on the orbifold X, and O×X the subsheaf of nowhere zero
functions, it is the sheaf cohomology group H1(X;O×X ). The first Chern class provides a map
c1 : Pichol(X) −→ H2(X;Z), (6.1)
which coincides with the connecting homomorphism for the exponential sequence of sheaves
0 → Z→ OX → O×X → 0 on X. With the identification of the topological Picard group in the
previous section, the long exact sequence for the exponential sequence identifies the subgroup
Pic0hol(X) < Pichol(X) of topologically trivial bundles as the quotient
Pic0hol(X) = H1(X;OX)/H1(X;Z)
and so as a connected abelian topological group. The analytic Neron–Severi group of X is defined
to be
NS(X) := Pichol(X)/Pic0hol(X),
which is also the subgroup of Pictop(X) of those complex line bundles which admit a holomor-
phic structure. The first Chern class descends to an injective homomorphism c1 : NS(X) →
H2(X;Z).
Proposition 6.1. The map c1 : Pichol(M1/rg [ϵ]) → H2(M1/rg [ϵ];Z) is surjective, so
NS(M1/rg [ϵ])→ H2(M1/rg [ϵ];Z) is an isomorphism.
Proof. By the exponential sequence, the cokernel of c1 is a subgroup of the complex vector space
H2

M1/rg [ϵ];OM1/rg [ϵ]

and hence is torsion-free. Thus it is enough to see that c1 is rationally
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surjective, but rationally the cohomology has rank 1 and is generated by the Hodge class λ, which
is pulled back from a holomorphic (in fact algebraic) line bundle on Mg . 
There are homomorphisms Pictop/hol(M
1/r
g [ϵ]) → Z/r given by evaluating a line bundle,
holomorphic or topological, on the sub-orbifold ∗/ (Z/r). This gives a commutative diagram
Pichol(M1/rg [ϵ]) ✲ Pichol(M1/rg [ϵ]) ✲ Z/r
0 ✲ H2(M1/rg [ϵ];Z)
c1
❄
✲ H2(M1/rg [ϵ];Z)
c1
❄
✲ Z/r

with exact rows, as a holomorphic line bundle on M1/rg [ϵ] descends to M1/rg [ϵ] precisely when
it is trivial on ∗/ (Z/r). This implies the following.
Proposition 6.2. The map c1 : Pichol(M1/rg [ϵ]) → H2(M1/rg [ϵ];Z) is surjective, so
NS(M1/rg [ϵ])→ H2(M1/rg [ϵ];Z) is an isomorphism.
6.3. Algebraic Picard groups
Let us say a complex orbifold X is quasi-projective if it has a finite cover by a smooth quasi-
projective variety. The generalised Riemann existence theorem implies that a finite cover of a
quasi-projective variety is again a quasi-projective variety, so this notion does not depend on a
choice of quasi-projective cover.
Proposition 6.3. The complex orbifold M1/rg [ϵ] is quasi-projective.
Proof. The orbifold M1/rg [ϵ] is a finite cover of Mg , so is quasi-projective if Mg is. This is
well-known in algebraic geometry; c.f. [4]. 
For quasi-projective orbifolds, there is yet another notion of Picard group available. The
algebraic Picard group Picalg(X) is the set of isomorphism classes of holomorphic line bundles
on X which are algebraic on the quasi-projective cover of X. Alternatively, if O×X is the sheaf of
nowhere zero holomorphic functions on X which are algebraic on the quasi-projective cover, we
may define
Picalg(X) := H1(X;O×X).
As in the holomorphic case, we define Pic0alg(X) to be the subgroup of topologically
trivial algebraic line bundles. The additional algebraic structure implies that Pic0alg(X) = 0 if
H1(X;Z) = 0; c.f. [18, Theorem 14.3]. In particular, this is the case for M1/rg [ϵ], so we have the
following.
Proposition 6.4. The composition of maps
Picalg(M1/rg [ϵ]) −→ Pichol(M1/rg [ϵ]) −→ NS(M1/rg [ϵ]) c1−→ H2(M1/rg [ϵ];Z)
is injective. Moreover, the second map is surjective and the last is an isomorphism.
If there is a G-gerbe Y
π−→ X where G is a finite abelian group and X is a quasi-projective
orbifold, we say that Y is a small extension of a quasi-projective orbifold. In this case the
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map π has local sections, and so there is a natural isomorphism OY ∼= π−1OX of sheaves
of holomorphic functions. Hence we may define the sub-sheaf of algebraic functions on Y by
OY := π−1OX, and the algebraic Picard group by Picalg(Y) := H1(Y;O×Y). In particular,
applying this to the Z/r -gerbe M1/rg [ϵ] → M1/rg [ϵ] we may define Picalg(M1/rg [ϵ]).
Proposition 6.5. The composition of maps
Picalg(M
1/r
g [ϵ]) −→ Pichol(M1/rg [ϵ]) −→ NS(M1/rg [ϵ]) c1−→ H2(M1/rg [ϵ];Z)
is injective. Moreover, the second map is surjective and the last is an isomorphism.
Proof. For any such gerbe, applying the Leray spectral sequence to the map π and the sheafO×Y ,
we obtain the exact sequence
0 −→ Picalg(X) −→ Picalg(Y) −→ H2(G;Z).
For M1/rg [ϵ] → M1/rg [ϵ] we obtain a commutative diagram with exact rows
0 ✲ Picalg(M1/rg [ϵ]) ✲ Picalg(M1/rg [ϵ]) ✲ Z/r
0 ✲ H2(M1/rg [ϵ];Z)❄ ✲ H2(M1/rg [ϵ];Z)❄ ✲ Z/r
 (6.2)
with the left vertical map injective by Proposition 6.4. Hence the middle vertical map is also
injective. 
We can also extract information on the image of the injective homomorphism
Picalg(M
1/r
g [ϵ]) −→ H2(M1/rg [ϵ];Z). First we note that all the classes λ−a/r are in the image of
this homomorphism, as the construction λ−a/r := c1(πK! (L⊗a)) can be performed algebraically
as det(π!(L⊗a)) which gives a class in Picalg(M1/rg [ϵ]) with Chern class λ−a/r . For r odd, these
classes generate H2(M1/rg [ϵ];Z) and so the homomorphism is surjective. For r even, the classes
λa/r only generate an index 2 subgroup of H2(M1/rg [ϵ];Z), but together with µ they generate
the entire group.
Lemma 6.6. The map c1 : Picalg(M1/2g [ϵ]) → H2(M1/2g [ϵ];Z) is surjective for g in the stable
range.
Proof. By the above discussion, in the stable range we must just show that the class µ is hit
by this map. The coarse moduli space M1/2g is in natural bijection with the set of pairs (Σ , L)
of a Riemann surface and a complex line bundle L such that L⊗2 ∼= TΣ . As such, L admits
a canonical structure of a holomorphic line bundle on Σ , and the holomorphic structure is
independent of the choice of isomorphism L⊗2 ∼= TΣ . At this point it is convenient to work
with square roots of the cotangent bundle, so let us denote by L∗ the dual bundle to L .
There is a function ρ : M1/2g → N given by ρ(Σ , L) = dimH0(Σ ; L∗), where we identify
L∗ with its sheaf of algebraic sections. The parity of ρ is locally constant on M1/2g , and agrees
with the Arf invariant, but the function itself is not locally constant. The subset
Θnull := {(Σ , L) ∈ M1/2g [0] | ρ(Σ , L) > 0}
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is classically known to be a divisor, and the subset
T := {(Σ , L) ∈ M1/2g [1] | ρ(Σ , L) > 1}
is known to have codimension 3 as long as g ≥ 5 [39, Theorem 2.17].
We must now proceed by cases depending on the parity. For ϵ = 0, by a theorem of Farkas [13,
Theorem 0.2], the class of Θnull is rationally equivalent to − 14λ on M1/2g [0], and it remains so
when pulled back to M1/2g [0] or M1/2g [0]. Recall from Example 1.11 that H2(M1/2g [0];Z) is
isomorphic to ⟨λ,µ | 4(λ+ 4µ)⟩. Then 4 · c1(Θnull) = −λ = 4µ in the torsion-free quotient of
H2(M1/2g [0];Z), and hence
c1(Θnull) = µ+ A(λ+ 4µ)
for some A. However, the generator of the torsion subgroup λ + 4µ = λ + 2λ1/2 is already in
the image of c1, and so µ is also.
For ϵ = 1, note that on the complement M1/2g [1] \ T the sheaf (Σ , L) → H0(Σ ; L∗) (more
precisely, the direct image sheaf π∗(L∗)) is a vector bundle of rank 1, and hence represents an
element of Picalg(M1/2g [1] \ T ). As T has codimension 3, this extends uniquely to an element of
Picalg(M1/2g [1]). To compute the first Chern class of this line bundle, note that
π!(L∗) = π∗(L∗)− R1π∗(L∗)
as virtual sheaves on M1/2g [1], but the isomorphism L∗ ∼= T ∗Σ ⊗ L and Serre duality shows that
R1π∗(L∗) ∼= (π∗(L∗))∗ and so π!(L∗) = π∗(L∗) − π∗(L∗)∗. Taking first Chern classes (overM1/2g [1] \ T , where π∗(L∗) is a bundle) gives
2c1(π∗(L∗)) = c1(π!(L∗)) = λ1/2 = 2µ,
and so µ = c1(π∗(L∗)) modulo torsion. As we saw above the generator of the torsion subgroup
is already known to be in the image, hence µ is too. 
This lemma implies that c1 : Picalg(M1/rg )→ H2(M1/rg ;Z) is surjective for all even r , and
hence an isomorphism, as the missing class µ is pulled back from M1/2g . The commutative
diagram (6.2) implies that the same is true for M1/rg .
Remark 6.7. It is an interesting problem to fully determine the classes c1(Θnull) and c1(π∗(L∗))
in terms of µ and λ.
Acknowledgments
The author was supported by the EPSRC Ph.D. Plus scheme, ERC Advanced Grant No.
228082, and the Danish National Research Foundation through the Centre for Symmetry and
Deformation.
Appendix. A calculation in homotopy theory
In this appendix, we compute the first Chern class of the K-theory class
Ω∞β−1 : Ω∞S−2 ≃ Ω2 Q(S0) −→ Ω∞K ≃ Z× BU,
which completes the proof of Proposition 4.3.
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Fig. 5. F2-homology of Q0S0 up to degree four. All the arrows denote primary Bockstein operations, except the
indicated secondary operation. The primary operations follow from the Nishida relation βQb = (b − 1)Qb−1, and
the secondary operation follows from the formula of [7, Lemma 4.11].
Proposition A.1. The first Chern class pulls back to twice a generator in
H2(Ω2 Q(S0);Z) ∼= Ext(π s3 ,Z) ∼= Z/24.
As Ω2c2 = c1 under the Bott equivalence, proving this proposition is the same as computing the
second Chern class of the unit Q(S0) −→ Z × BU , and then computing its double loop class.
In order to do this, we make use of the fact that the fibrations of infinite loop spaces
Q0S0 −→ Q0S0 −→ K (Z/2, 1)
and
Ω0 QS0 −→ Ω(Q0S0) −→ K (Z/2, 1)
are trivial as fibrations of spaces: a proof of this fact appears in [14, Lemma 7.1]. We will first
treat the 2-torsion. We may write down a canonical basis for the F2-homology of Q0S0, in terms
of Dyer–Lashof operations, and we include this information up to degree four in Fig. 5. From
this description we are able to calculate the 2-local homology of Q0S0 up to degree three, which
we give in the following table.
i 0 1 2 3 4
H∗(Q0S0;F2) F2 F2 F22 F42 F72
H∗(Q0S0;Z(2)) Z(2) Z/2 Z/2 (Z/2)2 ⊕Z/4 –
Using the splitting of spaces Q0S0 ≃ K (Z/2, 1)×Q0S0, the known homology of K (Z/2, 1), the
Ku¨nneth theorem and the universal coefficient theorem, we are able to compute the homology of
Q0S0 up to degree three, and so its cohomology up to degree four, which we give in the following
table.
H∗(Q0S0;F2) F2 0 F2 F22 F32
H∗(Q0S0;Z(2)) Z(2) 0 Z/2 Z/4 –
H∗(Q0S0;Z(2)) Z(2) 0 0 Z/2 Z/4
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The universal cover Ω0 QS0 is simply connected and has second homotopy group equal to
π3(QS0) = Z/24. Thus we can compute its 2-local homology up to degree two. Using the
splittingΩQ0S0 ≃ K (Z/2, 1)× Ω0 QS0 we are able to compute the 2-local homology ofΩQ0S0
up to degree two, and hence its cohomology up to degree three.
H∗(Ω0 QS0;Z(2)) Z(2) 0 Z/8 – –
H∗(Ω0 QS0;Z(2)) Z(2) 0 0 Z/8 –
H∗(ΩQ0S0;Z(2)) Z(2) Z/2 Z/8 – –
H∗(ΩQ0S0;Z(2)) Z(2) 0 Z/2 Z/8 –
Using the known structure [32] of the homology of Z×BU as a module over the Dyer–Lashof
algebra, it is not difficult to verify that c2 reduces modulo 2 to the dual of the homology class
(Q2([1]) ∗ [−2])2, and so generates the group H4(Q0S0;Z(2)) = Z/4.
We now consider the Serre spectral sequence for the loop-space fibration
ΩQ0S0 −→ ∗ −→ Q0S0.
We see that the only differentials out of E20,3 = Z/8 are to E22,2 = Z/2 and E24,0 = Z/4. By
cardinality both of these must be surjective, and in particular 2 ∈ Z/8 = E20,3 transgresses to a
generator of E24,0 = Z/4. Thus the loop of a generator of H4(Q0S0;Z(2)) gives twice a generator
in H3(ΩQ0S0;Z(2)).
By our calculations H3(ΩQ0S0;Z(2))→ H3(Ω0 QS0;Z(2)) is an isomorphism. Consider the
Serre spectral sequence for the loop-space fibration
Ω20 QS
0 ≃ Ω(Ω0 QS0) −→ ∗ −→ Ω0 QS0,
and our calculations show that the transgression
τ : H2(Ω20 QS0;Z(2)) −→ H3(Ω0 QS0;Z(2))
is an isomorphism. Hence it follows that Ω2c2 is twice a generator in H2(Ω20 QS
0;Z(2)).
The 3-local calculation is of course much easier. By [25, Theorem 22], we have that
Q1([1]) ∗ [−3] ∈ H4({0} × BU ;F3) is the linear dual of the second Chern class, and hence
the unit Q0S0 → BU pulls back the second Chern class to the linear dual of Q1([1]) ∗ [−3] ∈
H4(Q0S0;F3). As the splittings of Q0S0 and Ω(Q0S0) have factors which are trivial 3-locally,
the situation is drastically simpler. It is easy to see that
i 0 1 2 3 4
H∗(Q0S0;F3) F3 0 0 F3 F3
H∗(Q0S0;Z(3)) Z(3) 0 0 Z/3 0
H∗(Q0S0;Z(3)) Z(3) 0 0 0 Z/3
and that the second Chern class generates H4(Q0S0;Z(3)). Hence its second loop class generates
H2(Ω20 QS
0;Z(3)) ∼= Z/3 as well.
514 O. Randal-Williams / Advances in Mathematics 231 (2012) 482–515
References
[1] Enrico Arbarello, Maurizio Cornalba, The Picard groups of the moduli spaces of curves, Topology 26 (2) (1987)
153–171.
[2] Michael F. Atiyah, Riemann surfaces and spin structures, Ann. Sci. E´c. Norm. Supe´r. (4) 4 (1971) 47–62.
[3] M.F. Atiyah, R. Bott, A. Shapiro, Clifford modules, Topology 3 (suppl. 1) (1964) 3–38.
[4] Walter L. Baily Jr., On the moduli of Jacobian varieties, Ann. of Math. (2) 71 (1960) 303–314.
[5] J.C. Becker, D.H. Gottlieb, The transfer map and fiber bundles, Topology 14 (1975) 1–12.
[6] Marco Boggi, Fundamental groups of moduli stacks of stable curves of compact type, Geom. Topol. 13 (1) (2009)
247–276.
[7] Frederick R. Cohen, Thomas J. Lada, J. Peter May, The Homology of Iterated Loop Spaces, in: Lecture Notes in
Mathematics, vol. 533, Springer-Verlag, Berlin, 1976.
[8] Maurizio Cornalba, Moduli of curves and theta-characteristics, in: Lectures on Riemann surfaces (Trieste, 1987),
World Sci. Publ, Teaneck, NJ, 1989, pp. 560–589.
[9] Maurizio Cornalba, A remark on the Picard group of spin moduli space, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat.
Natur. Rend. Lincei (9) Mat. Appl. 2 (3) (1991) 211–217.
[10] C.J. Earle, J. Eells, A fibre bundle description of Teichmueller theory, J. Differential Geom. 3 (1969) 19–43.
[11] Johannes Ebert, Oscar Randal-Williams, Stable cohomology of the universal Picard varieties and the extended
mapping class group, 2010. arXiv:1012.0901.
[12] Carel Faber, Sergey Shadrin, Dimitri Zvonkine, Tautological relations and the r -spin Witten conjecture, Ann. Sci.
E´c. Norm. Supe´r. (4) 43 (4) (2010) 621–658.
[13] Gavril Farkas, The birational type of the moduli space of even spin curves, Adv. Math. 223 (2) (2010) 433–443.
[14] Søren Galatius, Mod p homology of the stable mapping class group, Topology 43 (5) (2004) 1105–1132.
[15] Søren Galatius, Mod 2 homology of the stable spin mapping class group, Math. Ann. 334 (2006) 439–455.
[16] Søren Galatius, Ib Madsen, Ulrike Tillmann, Michael Weiss, The homotopy type of the cobordism category, Acta
Math. 202 (2) (2009) 195–239.
[17] Søren Galatius, Oscar Randal-Williams, Monoids of moduli spaces of manifolds, Geom. Topol. 14 (3) (2010)
1243–1302.
[18] Richard Hain, Moduli of Riemann surfaces, transcendental aspects, in: School on Algebraic Geometry (Trieste,
1999), in: ICTP Lect. Notes, vol. 1, Abdus Salam Int. Cent. Theoret. Phys, Trieste, 2000, pp. 293–353.
[19] John Harer, The second homology group of the mapping class group of an orientable surface, Invent. Math. 72 (2)
(1983) 221–239.
[20] John L. Harer, Stability of the homology of the moduli spaces of Riemann surfaces with spin structure, Math. Ann.
287 (2) (1990) 323–334.
[21] John L. Harer, The rational Picard group of the moduli space of Riemann surfaces with spin structure, in: Mapping
Class Groups and Moduli Spaces of Riemann Surfaces (Go¨ttingen, 1991/Seattle, WA, 1991), in: Contemp. Math.,
vol. 150, Amer. Math. Soc, Providence, RI, 1993, pp. 107–136.
[22] Tyler J. Jarvis, Geometry of the moduli of higher spin curves, Internat. J. Math. 11 (5) (2000) 637–663.
[23] Tyler J. Jarvis, The Picard group of the moduli of higher spin curves, New York J. Math. 7 (2001) 23–47.
(electronic).
[24] Dennis Johnson, Spin structures and quadratic forms on surfaces, J. Lond. Math. Soc. (2) 22 (2) (1980) 365–373.
[25] Stanley O. Kochman, Homology of the classical groups over the Dyer–Lashof algebra, Trans. Amer. Math. Soc.
185 (1973) 83–136.
[26] Maxim Kontsevich, Intersection theory on the moduli space of curves and the matrix Airy function, Comm. Math.
Phys. 147 (1) (1992) 1–23.
[27] H. Blaine Lawson Jr., Marie-Louise Michelsohn, Spin Geometry, in: Princeton Mathematical Series, vol. 38,
Princeton University Press, Princeton, NJ, 1989.
[28] Ib Madsen, Michael Weiss, The stable moduli space of Riemann surfaces: Mumford’s conjecture, Ann. of Math.
(2) 165 (3) (2007) 843–941.
[29] J.W. Milnor, J.D. Stasheff, Characteristic Classes, in: Annals of Mathematics Studies, vol. 76, Princeton University
Press, Princeton, N. J, 1974.
[30] David Mumford, Abelian quotients of the Teichmu¨ller modular group, J. Anal. Math. 18 (1967) 227–244.
[31] A. Newlander, L. Nirenberg, Complex analytic coordinates in almost complex manifolds, Ann. of Math. (2) 65
(1957) 391–404.
[32] Stewart Priddy, Dyer–Lashof operations for the classifying spaces of certain matrix groups, Quart. J. Math. Oxford
Ser. (2) 26 (102) (1975) 179–193.
O. Randal-Williams / Advances in Mathematics 231 (2012) 482–515 515
[33] Andrew Putman, A note on the abelianizations of finite-index subgroups of the mapping class group, Proc. Amer.
Math. Soc. 138 (2) (2010) 753–758.
[34] Andrew Putman, The Picard group of the moduli space of curves with level structures, Duke Math. J. 161 (4) (2012)
623–674.
[35] Andrew Putman, The second rational homology group of the moduli space of curves with level structures, Adv.
Math. 229 (2) (2012) 1205–1234.
[36] Oscar Randal-Williams, Resolutions of moduli spaces and homological stability, 2009. arXiv:0909.4278.
[37] Oscar Randal-Williams, Homology of the moduli spaces and mapping class groups of framed, r -Spin and Pin
surfaces, 2010. arXiv:1001.5366.
[38] Patricia L. Sipe, Roots of the canonical bundle of the universal Teichmu¨ller curve and certain subgroups of the
mapping class group, Math. Ann. 260 (1) (1982) 67–92.
[39] Montserrat Teixidor i Bigas, Half-canonical series on algebraic curves, Trans. Amer. Math. Soc. 302 (1) (1987)
99–115.
[40] Edward Witten, Algebraic geometry associated with matrix models of two-dimensional gravity, in: Topological
Methods in Modern Mathematics (Stony Brook, NY, 1991), Publish or Perish, Houston, TX, 1993, pp. 235–269.
